We show how a cosmological constant Λ may drive high frequency oscillations in the metric, with an amplitude proportional to √ Λ and a frequency of order the Planck scale. Theories with higher powers of the curvature in the action have generic solutions of this type. This leads to the idea that the decay of these oscillations through particle production can cause a relaxation of an effective Λ towards zero. We develop this picture in the context of a warped Kaluza-Klein theory in five dimensions, which supports a range for the effective 4D Λ. We discuss the interplay between the oscillations and cosmological expansion and conclude that the oscillations could exist at present. Possible implications for ultra-high energy cosmic rays are also discussed.
4. The decay of the oscillating gravitational field through particle production causes a relaxation of Λ towards zero.
The relaxation of the amplitude of rapid metric oscillations appears distinctly different from various other attempts at relaxation mechanisms involving slowly evolving and nearly constant scalar fields. Weinberg's no-go theorem [2] shows that some fine tuning is required if the extremum of an action involving constant fields is to give flat space. This is not relevant for our discussion since our picture involves a family of solutions and a decay process, and derivatives of the oscillating fields are not in any way suppressed.
One of the features of our picture is that the size of the compact space is fixed; the inclusion of higher derivative terms makes it clear how Planck scale physics can resolve the radius stabilization problem of the original Kaluza-Klein picture. This allows standard cosmological evolution to emerge in a more natural way.
The fact that a cosmological constant can drive oscillations does not preclude it from driving exponential expansion as well. We show that a two parameter family of solutions exists for which expansion and oscillation can coexist. In fact the existence of exponential expansion excludes a range of oscillation amplitudes, and in this context we propose a slow fluctuation-induced decay mechanism for both the expansion and the oscillation.
It is interesting to note that the decay process should pair-produce particles with roughly Planck scale energies. The quarks will fragment into jets of particles with a wide range of energies, and we discuss this as a model for the origin of ultra-high energy cosmic rays above the GSK cutoff. And in turn we obtain an upper bound on the rate of decay of the present cosmological constant.
Our study will involve a small amplitude expansion of the equations, and this complements the more numerical analysis in our previous work. The expansion technique allows us to approach the solutions in situations where the exact solution is difficult to find numerically. In particular we have numerically analyzed the solutions only in the first and third cases listed above.
Time-dependent oscillations in 4D
We first introduce t-dependent metric oscillations in a purely four dimensional context. We consider the following metric,
and the following action,
with arbitrary powers of the curvature. We assume that L contains a free massless scalar field and in particular contributes to T µν as ρ = p = 1 4φ 2 + C. C is some additional constant contribution, perhaps arising as a self-consistent Casimir effect. We seek solutions with periodic and smooth B(t).
We shall assume that the amplitude ε of the B(t) oscillations is small, and thus we approach the problem by expanding in powers of this amplitude. The solutions we find have the property that the sources of the gravitational field, Λ, Pl factors will be absorbed intoφ 2 , C, ρ, p, etc.) Then at leading order in ε the field equations reduce to one equation,
where ν = 3a + b + c and the ν k,i are various combinations of coefficients of terms higher order in R. This clearly has sinusoidal solutions B(t) = ε cos(ωt) as long as the polynomial
1 Our convention for the signature of the metric is (−, +, . . . , +) while the Riemann curvature tensor is defined by −R
Our sign convention for Λ has changed from [1] .
has at least one real root. Thus for a range of parameters in the original action (no fine tuning) it appears that such solutions exist. We shall see how the amplitude ε is determined at next order in the expansion.
We are therefore suggesting that there are generic solutions of this type to arbitrary order in a derivative expansion. We view the derivative expansion and its associated generic solutions as indicative for what can happen in a true theory of Planck scale physics.
To obtain more explicit results we shall henceforth drop the terms in the action at order R 3 and higher. It should be clear that the existence of the solutions does not depend on this truncation. Our quantitative results certainly are sensitive to the truncation, but we expect that the qualitative picture is not. We emphasise that we are not expanding in powers of small derivatives; and the higher derivative terms in the equations are just as important as lower derivative terms.
2
After the truncation we have the constraint ν > 0 and
At order ε 2 we introduce the next Fourier mode
and the field equations at this order are satisfied by
Thus we see how ε is determined. Since ν > 0 we also see that Λ < 0. Now expanding to third order we have
Only at this order does a time dependence ofφ appear, thus showing the necessity of a dynamical field in addition to gravity. Note that the correction to the frequency is of order ε 2 rather than ε. A numerical analysis of the full equations shows that there really is an exact solution that is being approximated here, and such a solution exists as long as 0 < −νΛ < 1 24
. We see the first instance of a generic feature of oscillating metric solutions, namely that the square of the oscillation amplitude ε is proportional to the cosmological constant. But the C parameter introduces a puzzle, as can be seen by considering the leading order ε 2 contributions to T µν .
Thus the required T µν violates various positive energy conditions [4] ; in other words it is difficult to see how the required negative C can arise. Perhaps this apparent difficulty is an artifact of our truncation of the action beyond the R 2 order, but we shall not pursue this possibility here.
Time-dependent oscillations in 5D
We shall now consider the addition of a compact fifth dimension, and consider a metric of the form
At first order in ε t (we attach a subscript to distinguish ε t from ε y in the next section),
There are two solutions to the field equations,
Now the relevant combinations of R 2 terms in the five dimensional action are
ν corresponds to the Weyl-squared term while λ, corresponding to the Gauss-Bonnet term, appears at order ε
The first solution is completely analogous to the previous case and it will lead to the same problem. Thus we consider the second solution and continue the expansion to order ε 
B(t)
Here Λ denotes the 5D cosmological constant and the explicit results for the constants
are given in the Appendix. We see thatφ 2 remains constant at this order, unlike the previous case, but this is not expected to hold at higher orders. More importantly, from the results for ω t and ε 2 t we see that 3µ − 16ν and Λ must both be positive, and thus we get a consistent result forφ 2 without any additional ad hoc contribution to T µν . The various leading contributions to T µν give ρ = 2Λ > 0 and p = p y = 0. The welcome change of sign has occurred through the introduction of an oscillating extra dimension.
We are now led to speculate about some kind of relaxation mechanism for the cosmological constant, given that the latter is tied to the amplitude of an oscillating field. If the latter could decay away through particle production, then the cosmological constant may be taken to zero with it. But this can't happen in the present picture because we only have a 5D Λ, and it is fixed. We need some way to make an effective 4D Λ adjustable, and to have that tied to t-dependent oscillations.
y-dependent oscillations in 5D
With this in mind we turn to the y-dependent oscillation, with a metric of the form
We search for a solution in which A(y) is periodic, in which case we can identify the y coordinate after one period to form a compact space. 3 In this way the size of the compact space, the period, is dynamically determined, and there is no radion stabilization problem. In other words, a scale factor introduced as dy 2 → κ 2 dy 2 is without physical meaning, since it would result in the period of A(y) being scaled by κ −1 . The physical size of the compact space, the product of scale factor and range of y, remains the same.
With a scalar field φ(y) we consider a contribution to T µν of the form ρ = −p = p y = 1 4 φ ′ 2 +C. We again introduce a constant C as a possible Casimir effect, and shall return to its role later. It will turn out that the scalar field φ(y) is also compact, with the solution determining the range over which it varies. Thus we have a dynamical generation of a compact internal space, in parallel with the dynamical generation of a compact fifth dimension. No fine-tuning of parameters in the action is required for either.
We have the following results at order ε A(y) = ε y cos(ω y y)+a 2 ε 2 y cos(2ω y y)+a 3 ε 3 y cos(3ω y y) (26)
The expressions for ω y and ε 2 y indicate that µ must be negative and Λ must be positive. The leading contributions to T µν give ρ = p = 0, p y = −2Λ. Thus we start with a positive 5D Λ, but the effective 4D Λ eff vanishes.
Not surprisingly, it is also true that there are other solutions in which Λ eff is nonvanishing. 4 In other words, we now have a situation in which Λ eff is adjustable, by choosing solutions with different warpings of the fifth dimension. The problem here is that we don't know why or how the system would relax to the vanishing Λ eff solution.
It is unclear whether a negative pressure in a fifth dimension should be considered unphysical, but it is less of a concern for the following reason. Even though a small 5D Λ is convenient for our expansion, there is no reason that it should be small (in Planck units). When Λ is not small and a higher derivative scalar term is included there are periodic solutions that do not require the ad hoc C contribution [1] . The required T µν , in that case strongly y dependent, arises explicitly from the scalar field configuration.
y and t-dependent oscillations in 5D
Now we are clearly motivated to combine the two previous cases for t and y oscillations, which both required a positive 5D Λ. The hope is that the adjustable Λ eff can be tied to the amplitude of t-dependent oscillations, thus providing a relaxation mechanism. The metric at first order in ε y and ε t takes the form
where we have already seen that
The range of y is determined by ω y , but the size of the compact space oscillates in time with frequency ω t .
At next order in ε t and ε y the nonlinear field equations induce a mixing between the t and y dependent terms, and thus the metric must take a more complicated form,
At second order we find
E(y, t) = e 2 ε y ε t cos(ω y y) cos(ω t t) (38)
G(y, t) = g 2 ε y ε t cos(ω y y) cos(ω t t).
a 2 , b 2 , and c 2 are as before, f 2 and g 2 are given in the Appendix, and e 2 remains undetermined. 5 We find that
where ω y and ω t are the first order values in (33).
The main point here is that solutions exist for a range of ε t . For each such solution there is a positive effective 4D cosmological constant, which we now denote by Λ osc to emphasize that it is driving t-dependent oscillations.
We have seen such a relation before, but now Λ osc parameterizes a family of solutions rather than being a fundamental constant. The resulting T µν is
The 4D Λ osc appears here rather than the 5D Λ; the latter drives the warping of the fifth dimension, and it appears in p y = −2Λ + 2Λ osc . We emphasize that these results for T µν have nothing to do with Einstein tensor, G µν , since Einstein equations have been modified by the R 2 terms. For example, when averaging over the fifth dimension we find
This could perhaps be interpreted as an "effective" energy density obtained by combining the contributions from the R 2 terms together with the actual contributions to
We have extended the ε expansion to third order, although it becomes quite cumbersome at this order. We find for example that the frequencies of oscillation have corrections of the following form.
The third order corrections involving terms with purely t or y dependence are as in the previous sections (η is as in (22), the RHS of (42) is multiplied by the same (1+d ′ 3 ε y cos(ω y y)) factor appearing in (28), and (43) is not corrected). 6 The third order corrections involving a product of t or y dependence are contained in the following.
F (y, t) = f 2 ε y ε t cos(ω y y) cos(ω t t)
t) G(y, t) = g 2 ε y ε t cos(ω y y) cos(ω t t) (51)
y ε t cos(2ω y y) cos(ω t t) +ĝ 3 ε y ε 2 t cos(ω y y) cos(2ω t t) +g 3 ε 2 y ε t cos(ω t t).
The expressions for the coefficients are given in the Appendix.
Decay and Cosmology
Since the time oscillations are driven by a positive contribution to the energy density (45) the oscillating metric of (34) is unstable against relaxing toward the 4D-flat metric (25). The oscillating small amplitude correction to the flat space metric resembles a graviton with an effective 4D momentum p µ ∼ (ω t , 0, 0, 0) far off the mass shell.
There should be an imaginary correction to the graviton polarization operator since the frequency ω t ≈ M Pl is far above the threshold for pair production of most matter fields (and gravitons). This imaginary part modifies the equation that determines B(t) and should generically produce a damped oscillatory behavior, analogous to the decay of an inflaton that is coupled to lighter fields in the theory of inflation [6] . In any case it appears that the decay of the oscillations is extremely rapid. This decay process produces particles of Planck mass energies at the expense of a decrease in the scalar field energy contained in bothφ 2 and φ ′ 2 . It is also accompanied by a small change in the size of the compact space, as implied by (49).
We now turn to the effects of matter and cosmological expansion, and we shall find that they have a rather surprising impact on the t-dependent oscillating solutions.
In general the introduction of an ordinary matter contribution to T µν will result in a slowly varying (in Planck units) dependence on x µ . Our expansion should then be generalized to encompass a x µ -derivative expansion as well. If we denote quantities of order ∂ µ /M Pl by ε x then we shall require that ε x ≪ ε y . This is to ensure that the perturbations due to matter are smaller than the effects which determine the warping of the extra dimension. When ε t = 0 in addition, it is clear that Einstein equations emerge at leading order in ε x , with the added constraint that the size of the compact dimension is fixed. We contrast this picture to standard Kaluza-Klein cosmology, where two t-dependent scale factors govern the evolution of the size of the large spatial dimensions and the compact space respectively [5] . As described in section 3 the second scale factor is not an independent dynamical quantity in our picture given that the size of the compact 7 Feedback from the matter on the warping and size of the compact space could produce fractional shifts suppressed by (M Pl t) −2 , which are miniscule at all but very early times.
space is already determined. This makes a standard cosmological evolution more natural. For example a power law scale factor a(t) = t α for the three large spatial dimensions is determined as usual by
where p = wρ. For a given w the time dependence of ρ and p is determined, as is the matter contribution to the 5D pressure,
This is a direct result of 5D Einstein's equations, which govern the long-wavelength physics, when the compact dimension has fixed size. The ε x ≪ ε y condition ensures that p y | matter is small compared to the order ε y contribution to p y ; the latter is −2Λ which drives the warped compactification in the first place.
We now wish to consider the effect of the cosmological expansion on the t-dependent oscillations. Although these two types of t-dependence are very different, being "short wavelength" and "long wavelength" respectively, they are equally important in the full equations if ε t ≈ ε x . If we introduce the scale factor f (t) ≡ 2 ln(a(t)) into the metric (34) as B(t) = ε t cos(ω t t) + f (t), there are cross-terms of the formḟ (t) sin(ω t t)
in the full equations that do not cancel. They cannot be canceled by ordinary matter effects because we are assuming that the latter is "long wavelength". We therefore introduce the following dependence on f (t).
Once again there is just enough freedom to find a solution.
The size of the b 4 and c 4 terms in B(t) and C(t) is of order ε t ε x ε −2 y , sinceḟ(t) ≈ ε x M Pl , and the expansion makes sense in the situation of interest, ε t ≈ ε x ≪ ε y .
The requirement thatφ 2 (t) ≥ 0 leads to a constraint on a nonvanishing ε t .
Thus the amplitude of oscillations is bounded from below in an expanding universe. This would seem to imply that we have an obstruction for the complete decay of the oscillations. One caveat though is that the decay process is fast, and our present analysis does not directly apply in a case of rapid evolution. Also for power law cosmological expansion (58) seems to imply that ε t could relax withḟ ∼ 1/t, but here again our equations do not account for such variations in ε t . We therefore focus on the particular case of constantḟ . This is the case of an exponential expansion occurring simultaneously with the oscillations, in the absence of matter. If we write the scale factor as f (t) = 2t Λ exp /3 then the total 4D cosmological constant is Λ exp + Λ osc , where Λ osc drives the t-dependent metric oscillation as before. The field equations will be modified by new terms arising from the constant 4D curvature, and this will modify the results in (41-43). The new results where (44) has been used to eliminate ε t in favor of Λ osc , and including the oscillating term in (56), are
The leading contributions to T µν are now
These results indicate that there is a two parameter family of solutions parameterized by Λ osc and Λ exp . Continuous deformations of the warping of the metric in the fifth dimension and the scalar field configuration relate solutions with differing amounts of oscillation amplitude and exponential expansion rate. The parameter region is bounded by the two lines of solutions, pure oscillation (Λ osc > 0, Λ exp = 0) and pure exponential expansion (Λ osc = 0, Λ exp > 0). This is pictured in Fig. 1 as a function of the quantities ε 2 y and φ ′2 which govern the y dependence of the solution.
Within this region both Λ osc and Λ exp are positive.
The constraint in (58) now reads Λ osc > 4Λ exp . This means that oscillating solutions can only be found on the smaller piece of the wedge in Fig. 1 . The rapid decay process we have discussed can cause such a solution to move along a line of constant Λ exp to the Λ osc = 4Λ exp edge.
It is of interest to consider the stability of the solution on this edge. The result for ρ in (62) , when time-averaged, indicates that there are constant energy δρ = 0 on the other hand may lead to a permanent decrease in Λ exp , since the created Λ osc can decay away through particle production. This type of fluctuation-induced decay mechanism is pictured in Fig. 1 , and it could cause both Λ exp and Λ osc to gradually decrease. Once they reach zero the process stops. 9 We note that part of the dynamics of this process may be tied up with spatial inhomogeneities that develop.
Thus there appears to be a route by which the positive energy inherent in a cosmological constant driving exponential expansion can be released to matter energy.
In the next section we shall obtain a constraint on how fast this process can be, should it be occurring at present.
Cosmic Rays
If Λ osc and Λ exp are nonzero today, then a slow fluctuation-induced decay process can be a source of ultra-high energy cosmic rays. An initial quark of energy E 0 ∼ M Pl will fragment into a jet of particles, including protons, with a wide range of energies. The observed flux of ultra-high energy cosmic rays, assumed here to be protons, can then set a bound on rate of production, or equivalently on the rate of decay of the effective vacuum energy density, ρ vac . 10 We estimate the flux of protons above some
N > is the number of protons with energy E > E > in a jet produced by the initial quark of energy E 0 ∼ M Pl . ℓ is the mean free path of these protons due to scattering from the cosmic microwave background radiation [7] . When E > ≈ 10 11 GeV then ℓ is approximately a few tens of Mpc [9] . This is just above the expected but not seen GZK cutoff [7] , which is avoided here by high energy protons originating within a distance ℓ of us.
We shall obtain an estimate of N > from the perturbative analysis of multiparticle production in jets based on the modified leading log approximation (e.g. [10] ). The resulting "limiting spectrum" is known but since the initial quark energy is so high, τ ≡ ln(E 0 /Λ QCD ) ≫ 1, we may simplify further with a Gaussian representation. We extract the following results from [10] where ξ ≡ ln(E 0 /E).
Here z = 16N c τ /b, C = a 2 / (16N c b) , 3b = 11N c − 2n f , and 3a = 11N c + 2n f /N 2 c . We also note that a Gaussian spectrum resembles the results from Monte Carlo simulations [11] . For the total multiplicity N = ∞ 0 (dN/dξ)dξ we use the full "limiting spectrum" result,
where B = a/b. This gives N ≈ 7 × 10 5 . Assuming that 5% of the energy from each initial quark emerges as protons, these results imply that N > ≈ 3000 for E > = 10 11 GeV and n f = 6. This value for N > triples when the O(τ −1/2 ) corrections in (66) are absent. Another indication of the sensitivity of the result to the approximation is that no single value of n f is actually correct over the range of energies involved, and N > ranges from 1400 to 6000 as n f ranges from 3 to 8. This last result also shows how N > can be strongly affected by new physics beyond the standard model.
The observed integrated flux of cosmic rays with E > 10 11 GeV is approximately 2 × 10 −20 cm −2 s −1 sr −1 [12] , and so (64) and N > ≈ 3000 implies thaṫ
Thus the current vacuum energy density of the universe, assumed to be about twothirds of the critical density, has a decay ratė
where t universe ≈ 14 Gyr is the age of the universe. If this limit is saturated then we have a model for the ultra-high energy cosmic rays. The spectrum in (65) implies a hard energy spectrum dN/dE ∼ 10 −α with α ≈ 1.2 at the relevant energies. The observed flux spectrum dJ/dE is modified by the rapid decrease of the mean free path by almost a factor of 100 between 4 × 10 10 < E < 10 11 GeV (the GSK cutoff). The frequently plotted E 3 dJ/dE thus rises for E < 4 × 10 10 GeV, drops for 4 × 10 10 < E < 10 11 GeV, and continues to rise for E > 10 11 GeV. This behavior is a simple consequence of a hard initial spectrum of protons produced uniformly throughout space, and is quite consistent with the data above 10 10 GeV. Below 10 10 GeV the observed flux rises much faster with decreasing energy, and some other source for cosmic rays must dominate. This picture is similar to models involving decay of supermassive long-lived particles [13, 14, 15] . The primary difference is that the supermassive particles tend to congregate in the galactic halo, and this produces a "galactic" component to the signal in addition to a possible "extragalactic" one. But the galactic component would not produce a dip in the spectrum, and it would produce some amount of large scale anisotropy [14, 15] . In our picture the absence of a galactic component is natural.
On the other hand there remains the question of just how spatially uniform the fluctuation induced decay mechanism would be. It is an interesting question whether localized "hot spots" could develop with separations smaller than ℓ, given that there are indications of small angle clustering of events above the GSK cutoff [16] .
The production of cosmic quark jets also ties in with another mechanism for producing air showers above the GSK cutoff, this time involving jets produced outside the ℓ 3 volume. This is because quark jets contain neutrinos, and these energetic cosmic neutrinos have some probability for producing Z-bursts within the ℓ 3 volume, as they travel towards us [17] . In particular neutrinos with energy within δE/E R = Γ Z /M Z ≈ 3% of the Z-resonance energy E R = 4 (eV/m ν ) × 10 12 GeV may annihilate with an enhanced cross section on the nonrelativisitic relic antineutrinos (and vice versa) to produce the Z. We estimate (with the same uncertainties as before) that the number of neutrinos in this energy band, produced per quark jet, ranges from 300 to 1100 as E R ranges from 10 13 to 10 11 GeV. The probability for such a neutrino to produce a Z-burst within the ℓ 3 volume is in the range 0.025% to 1%, depending on the relic neutrino clustering [17] . On the other hand there is an enhancement factor of about 100 for the neutrino flux relative to the direct proton flux since the former originates from the whole Hubble volume. Each Z-burst produces a couple of protons with typical energies E p ≈ E R /30, and thus this mechanism produces protons peaked in a fairly narrow energy range. It may even be of interest if this peak was somewhat below the GSK bound, where the protons-from-jets mechanism was deficient.
Conclusion
The detailed results of this paper have relied on a truncation of the higher derivative terms to the R 2 order. Consideration of higher order terms may open up even more possibilities, but they should not qualitatively change the possibilities we have discussed. These possibilities should also exist for the true underlying theory. We have also used a small amplitude expansion to study the solutions. Small values of ε t and ε x are certainly justified, but we have mentioned that a small ε y may not be justified (since it corresponds to small 5D Λ) or desirable (since it required a C). But the basic picture does not require a small ε y , as indicated by our numerical work [1] for general ε y with ε t = ε x = 0. It is natural to consider higher powers of curvature in the action in higher dimensional theories if the size of a compact space is of order the Planck scale. We have seen that an oscillating dependence on the extra dimension corresponds to a warping of the original Kaluza-Klein picture in a way that dynamically determines the size of the space. This resolves a 'moduli problem' that arises from the application of a low energy theory (containing the Einstein term only) at Planck scales. Warped Kaluza-Klein theories have a range of warped solutions and a corresponding range for the effective 4D cosmological constant.
The main point of this paper is that the response to this 4D cosmological constant need not be purely exponential expansion, but there can instead or in addition be a t-dependent oscillation, of Planck scale frequencies, involving both the scale factor of the large spatial dimensions and the size of the compact space. We have noted the tendency of these oscillations to decay rapidly through particle production, accompanied by an adjustment of the 5D configuration and the effective 4D cosmological constant. We have discussed in detail the link between the oscillation amplitude and the 4D cosmological constant.
We have also noted a certain obstruction to a rapid decay, with the implication that for an exponential cosmological expansion there can remain a high frequency, small amplitude oscillating component of the metric. But the associated instability of this configuration due to fluctuations and further decay suggests a gradual release of the total effective vacuum energy into extremely energetic cosmic rays. Further work is needed to obtain more understanding of the dynamics and time scale involved in this mechanism.
with only time dependence, (20)-(24), we have
